On some theta constants and class fields 



Ja Kyung Koo and Dong Hwa Shin 



Abstract 

We first find a necessary and sufficient condition for a product of theta constants to be 
a Siegel modular function of a given even level. And, when K(2p) denotes the ray class field 
of K = Q(e 27rl ' 5 ) modulo 2p for an odd prime p, we describe a subfield of Knp) generated 
by the special value of certain theta constant by using Shimura's reciprocity law. 

1 Introduction 

Let N (> 2) be an integer and $n be the field of meromorphic modular functions of level 
iV whose Fourier coefficients lie in the iVth cyclotomic field ([10] or [7J §6.3]). For a vector 
r 



s 
fol 



E (l/iV)Z 2 — 1? the Siegel function grr-\(r) is defined on the upper half-plane by the 
owing infinite product 

oo 

^rj(r) = -^i/aj^-r+i/ej^fr-i)^ _ ^2™) JJ(i _ q n+r e 27Tis ){l - q n ~ r e - ^*), 

n=l 

where q = e 2mT and i = \/— 1. Let {m(r, s)}> iS g(i/Ar)z 2 -z 2 be a family of integers such that 
m(r, s) only for finitely many pairs of r, s. Kubert and Lang [61 Chapter 3 Theorem 5.3] 
showed that if {m(r, s)} r , s satisfies the quadratic relation modulo N, namely 

m(r, s)(Nr) 2 = ^ m(r, s)(Ns) 2 = (mod gcd(2, N) ■ N), 

r,s r,s 

^2 m(r, s)(Nr)(Ns) = (mod N), 

r,s 

and 12 divides gcd(12, N) ■ s m(r, s), then the product p^ r s grri (r) m ( r,s ) belongs to Sat. In 



particular, 5jrj(r) 12Ar belongs to Sat for any vector 



G (1/N)Z, 2 — Z 2 , which depends only on 
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(mod Z 2 ). And, the group GL 2 (Z/AZ) acts on the family {g [r] (t) 12N } 



xy [ r s r ) ^[;]6(i/jv)z 2 /z a -{[8]> 



by the rule 

(9 { r s] (r) 12N r = 9 ta[ r s] (r) 12N (a G GL 2 (Z/iVZ)), 

where *a stands for the transpose of a Chapter 2 Proposition 1.3]. 

Now, let K be an imaginary quadratic field and Ok = Z[#] be its ring of integers with 
Im(#) > 0. For a positive integer N we denote the ray class field of K modulo N by Kij^y 
The main theorem of complex multiplication ensures that Krm is generated by the singular 
values f(8) for all / G 3tv which are finite at 9 Chapter 10 Corollary to Theorem 1]. And, 
by using Shimura's reciprocity law |10l Theorem 6.31] Jung et al recently showed in [3] that if 
K / Q(v /= T),Q(v /3 3) and A > 2, then K (m is generated by the singular value g { o i (9) 12N 

[l/N\ 

over K. 

In this paper we shall attempt to find higher dimensional analogues of these results. Siegel 
modular functions of level N (> 1) defined on the Siegel upper half-space Sj g (g > 2) are certain 
multi- variable functions which generalize meromorphic modular functions of one variable (JIJ). 
As in the case of modular functions, the action of the general symplectic group GSp 2s (Z/AZ) 
on the Siegel modular functions of level N was investigated by Shimura (Proposition 12. lj) . If 
r, s G (1/A)Z 5 , then the theta constant 

$ (z) = Exezg ( x + r )^( x + r )/ 2 + *( x + r) s ) 
' E xe » e('xZx/2) 

is a typical example of Siegel modular functions (of level 2A 2 ) ($3J). We shall first give a necessary 
and sufficient condition for a product of theta constants to be a Siegel modular function of 
level A^ when A^ is even (Theorem 14. 4|) . And, we shall further show that certain subgroup of 
GSp 29 (Z/AZ) acts on the family {§^^{Z) 2N } r>se 

(i/jv)z»/zs m a natural way, namely 

(Theorem E2|). 

On the other hand, let K be a CM-field, K* be its reflex field and Zq be the associated 
CM-point (^6]). The theory of complex multiplication for polarized abelian varieties of higher 
dimension developed by Shimura claims that if / is a Siegel modular function that is finite at 
Zq, then the special value /(Zq) lies in some abelian extension of K*. Furthermore, Shimura's 
reciprocity law describes Galois actions on /(Zq) in terms of actions of general symplectic groups 
on / (Proposition 16. 2j) . Here, we focus on the case where K = Q(e 27ri/5 ). For an odd prime 
p let K(2 P ) and -f^(2 P 2 ) be the ray class fields of K modulo 2p and 2p 2 , respectively. Komatsu 
considered in [5] certain intermediate field L of K( 2 p 2 )/K(2p) with [L : K( 2 p)] = P 3 and provided 
a normal basis of L over Kr 2p y Unlike Komatsu's work, however, we shall examine the field 
(Zo) 2p2 ) as a subfield of AT( 2p ) (Theorems 17.31 and I7.4p . To this end we shall utilize 



i/p 
o 
o 

. 
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transformation formulas of theta functions (Propositions 13.11 and 13. 2 p together with Shimura's 
reciprocity law. 

And, we shall also present some ideas of combining two generators of an abelian extension 
to get a primitive generator (Theorems 18.21 and | 



2 Siegel modular forms 

We shall introduce necessary facts about Siegel modular forms, and explain actions of gen- 
eral symplectic groups on the Siegel modular functions whose Fourier coefficients lie in some 
cyclotomic fields. 

Let g (> 2) be a positive integer and 



J 



—I, 

Ig 



Given a commutative ring R with unity we let 

G$p 2g (R) = {a £ Mat 2g (R) | f aJa = vJ for some v G R x }. 
Considering v as a homomorphism GSp 2g (R) — > R x we denote its kernel by Sp 2g (R), namely 

Sp 2g (R) = {a£ Mat 2g (R) \ f aJa = J}. 
We further define a homomorphism l : i? x — > GSp 2g (R) by 

t(o) 



Ig 

a' 1 !, 



One can then readily show that v(i(a)) = a . 
The Siegel upper half-space f) g is defined by 

Sj g = {Z G Mat fl (C) | l Z = Z, lm(Z) is positive definite}. 

Then, it is well-known that Sp 2g (Z) acts on 9) g by 



A B 
C D 



(Z) = (AZ + B)(CZ + D) 



-i 



where A, B, C, D are g x g block matrices [4, §1 Proposition 1]. Let N (> 1) and k be integers, 
and define the group 

T(N) = { 7 G Sp 2g (Z) \7 = h g (mod N)}. 
A holomorphic function / : fi g — > C is called a Siegel modular form of weight k and level N, if 



/( 7 (Z)) = det(CZ + D) k f{Z) for every 7 



A B 
C D 



g r(jv). 
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For z G C, we set 



e(z 



2iriz 



As a consequence of Koecher's principle, a Siegel modular form / can be written as 

f(Z) = Y J c(0<tr(^Z)/N) (c(e)GC), 

where £ runs over all g x g positive semi-definite symmetric matrices over half integers with 
integral diagonal entries [U §4 Theorem 1]. This expansion is called the Fourier expansion of / 



with Fourier coefficients c(£). Note that if £ 



6fc 



i<j,k<g 



and Z 



l<j,k<g 



, then 



j=l !<3<k<g 



from which it follows that 



f(Z) = ^ C (£) ( [] efaZjj/N) J] e(2£ jk Z jk /N) 
'3=1 l<j<k<g 



Letting (jv = e(l/iV) we consider the field 
^iv = < 31/52 



51 and 52 (7^ 0) are Siegel modular forms of the same weight 
and the same level iV with Fourier coefficients in Q(Ctv) 



Proposition 2.1. (i) i((Z/N%)*) acts on F N as follows: If a G (Z/iVZ) x and / = 
£{c(0e(tr(£Z)/JV) €JV, fc en 

/t (a) = J2c(0 p(arl e(tr(CZ)/N), 

where p(a) is an endomorphism o/Q(£jv) induced from the map (jv l— Cat- 

(ii) Sp 2fl (Z) acts on .Fjv 6f/ compositions, that is, if 7 G Sp 2ff (Z) and / G J 7 ^, i/ien 

/ 7 = /°7- 

(iii) GSp 29 (Z/iVZ) acts on Fn as follows: Let a G GSp 29 (Z/iVZ) and / G Fn- Set a = z/(a) G 
(Z/iYZ) x and 7 = t(a)a G Sp 29 (Z/iVZ). Lift 7 to 7o G Sp 2s (Z). T/ien, 



r = (/ 



Proof. [11, §1]. 



□ 
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3 Theta functions 



We shall briefly review fundamental transformation formulas of theta functions. 

Let g (> 2) be an integer, u E C 9 , Z E $j g and r, s E M 9 . We define a (classical) i/ieto 
function by 

8(u, Z; r, s) = £ e(*(x + r)Z(x + r)/2 + *(x + r)(u + s)), (1) 

which is a holomorphic function on Z. Since x can be replaced by — x in the above summation, 
we get the relation 

8(-u,Z;-r,-s) = G(u, Z; r, s). (2) 

Proposition 3.1. //a, b E TL 9 , then we have the translation formula 

G(u, Z; r + a, s + b) = e(*rb)G(u, Z; r, s). 

Proof. [12, p.676 (13)]. □ 

For a square matrix a we denote by {a} the column vector whose components are the 
diagonal elements of a. 



Proposition 3.2. Let 7 
transformation formula 



A B 
C D 



E Sp 2g (Z) such that {* AC}, E 2Z 9 . We get the 



@( t (CZ + D)- 1 u, 1 (Z);r,s) 
= A 7 e(('rs - Vs')/2) det(CZ + D) 1 / 2 e((*u(CZ + Z?)- 1 Cu)/2)9(u, Z; r' , s'), 

where A 7 is a constant of absolute value 1 depending on 7 and £/ie choice of the branch of 



det(CZ + D) 1 ' 2 , and 



7 



Proof. [121 Proposition 1.3]. 
And, let 



□ 



E Q 9 I r, s E (1/2)Z 5 and e(2*rs) = -1}. 



Proposition 3.3. Let r,s E Q g . Then, 0(0, Z;r, s) represents the zero function on Z if 
r 



and only if 



E S_ 



Proof. [5J Theorem 2]. 



□ 
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4 Modularity of theta constants 



In this section we shall find a necessary and sufficient condition for a product of theta constants 
to be a Siegel modular function of a given even level. 

Let N and g (> 2) be positive integers and r, s E (l/A r )Z 9 . We define a theta constant by 

9(0,Z;r,s) ,„_ ft . 



6(0, Z; 0,0) 



which is a nonzero function if and only if 



g" £_ by Proposition 13.31 It belongs to F 2 n 2 by 
Propositions 13.11 13.21 and the definition (P) (or [T2J Proposition 7]). We get by that 

<Dr rl (Z) = $ m (Z). (3) 



J fl o 
aL, 



€ GSp 29 (Z/2AT 2 Z) on 



Lemma 4.1. Let a E (Z/2iV 2 Z) x . TTie action o/^a" 1 ) 
<£|-rj(Z) can 6e described as 

$ [^]^ (a " 1) = $ [ £l r s ]( Z ) = ^)[^]^- 

PROOF. We see from Proposition l3.1l that ^[ r ] (^) an d ^t t ( a -i)[ r ] (%) are well-defined. And, 
it follows from the definition ([1]) that 



E xeZ9 e('(x + r)s)e( f (x + r)Z(x + r)/2) 
E xeZ9 e((*xZx)/2) 
E xe z S e( f (x + r)as)e('(x + r)Z(x + r)/2) 
E xeZ9 e((*xZx)/2) 

*rri(Z) 

Las J 



t (a"l) 



by Proposition I2.1[ i 



□ 



Lemma 4.2. For even N, let 7 = h g + N 
Then we have 



An B 
C Do 



E r(N) with A Q , B , Co, D e Mat s (Z). 



$[r]( 7 (^)) = ef-^iNrX-'Bo + NAo'BoXN^-^iNsXCo + NCo'Do^Ns) 



Proof. We obtain from the relation t, yJ'y = J that 



* _/ _ ATU _ _ (N'Ao^NDq) + (W'C )C/VB ) 



- 'BoCoMNs) 












"0 -V 






J 5 
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which gives rise to 



'Ao-N'AoDo + N'CqBo. 



(4) 



We then derive that 

G(0, 7 (^);r,s) 



8(0, 7 (2); 0,0) 
e((*rs - Vs')/2)e(0, Z; r', s') 
0(0, Z; 0,0) 



where 



V" 








= *7 


r 






s' 




s 



, by Proposition [37 



e(- ^*(iVr)(*B + NA^Bo^Nt) - ^\Ns)(C + NCq'Dq^Ns) 
-±-\Nr)(A + *L>o + iWA) + NBo^Ns)) $r r+tj4o(7Vr)+tCo(iVs)] (Z) 

' |_s+*B (A r r)+ i D (Afs)_ 

- ^L*(ATr)(-'i? + NAn t Ba)(Nr) - ^L\Ns)(C + NC *D )(Nb) 



-— *(iVr)(A - 'Dq + iVVDo + NB t C )(Ns)J $[rj(Z) by Proposition O 
e(- ^ t (Nr)(- t B Q + NAo'Bo^Nr) - -L*(ATs)(C + 7VC ' A,)(iVs) 



1 



-*(JVr)(i4o + (iV/2)(A) A) + *A)A) + Bo* 0, - 'BoO))^) )$[r](Z) by ©. 



□ 



7 5 NAo 




" h 


o~ 


and 


'l g -NAo NAo 


J fl 




NA 






-NAo I 9 + NAo 



Lemma 4.3. For any A G Mat s (Z), a// o/ 
6eZon# to T(N). 

Proof. If 7 is one of the above matrices, one can readily verify that *7J7 = J and 7 = Ii a 
(mod N). □ 



Theorem 4.4. For e?;en TV, let {m(r, s)} rjS; where r, s 6 (1/N)Z 9 such that 



6e a 



family of integers such that m(r, s) = except finitely many pairs of r, s. Consider the following 
product 

$(Z) = f^[^[r](^) m(r ' s) . 

r,s 

Then, <&(Z) belongs to J~n if and only if the family {m(r, s)} riS satisfies the condition 
' ^2m(r,s)(Nrj)(Nr k ) = ^2m(r,s)(Ns j )(Ns k ) =0 (mod 2JV) (l<j,fc<0), 



^ m(r, s)(NTj)(Ns k ) = (mod TV) (1 <j,k< g), 



(5) 





ri 




Sl 


where r = 




and s = 










3. 
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Proof. If 7 e T(N), then we have 



hi(z)) = n( 



/9(0, 7 (^);r,s) 



m(r,s) 



0(O, 7 (Z);O,O). 
^ m(r, B )*(JVr)(-*B + NA^Bq^Nt) 



2N 



^ ^m(r,s)*(iVs)(Co + iVC ^ )(iVs) 

r,s 

^ £ m(r, s)'(iVr)(Ao + (iV/2)(4,'A) + *A)4) + 5 *C - 'BoC ))(MO) $(Z) 

(6) 



where 



^0 #o 
C D 



^(7 - h g ) G Mat 2s (Z), by Lemma [O 



Now, for every pair of integers j, A; with 1 < j,k < g let be the g x g matrix whose entries 
are all zeros except for the (j, &;)th entry which is 1. One can then easily see that Mat 9 (Z) 





Ul 




Vl 




is generated by Ej^ (1 < j,k < g) as Z-module, and if u = 




, v = 








U 9_ 




V 9_ 





t -aE jk v = UjVfc. 

Assume first that the family {m(r,s)} riS satisfies the condition ([5]). Then the above obser- 
vation leads to $((7(7")) = $(t). On the other hand, since $(Z) belongs to J~2N 2 > its Fourier 
coefficients of &(Z) lie in Q(C2iV 2 )- However, at this stage we have to show that the coefficients 
actually lie in Q(0v)- To this end, let a be an integer such that a = 1 (mod N), which can be 
written as a = 1 + cN for some integer c. Regarding t as a map on (Z/2A r2 Z) x we get that 



HZ) 



t(a)" 



!!(*[§] (^) t(0) 1 ) m(r,s) 

r,s 

J { <I> (Z) m ( r ' s ) by Lemma O 



r,s 



TT$r r i(Z) m ( r ' s ) 



Q(e(*rcA^s)$^r](Z)) m ( r ' s ) by Proposition O 

r,s 

e (|pE m ( r ' 8 )*(^ r )(W)^) 

^ r,s ' 

4^ E E m ( r ' bjc^)^)) *(z) 

^ .7 = 1 r,s / 



= <I>(Z) by the condition 

which ensures that Fourier coefficients of lie in Q(Cjv) as desired. Therefore we conclude 

that $(Z) is in J~n- 
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Conversely, assume that &(Z) belongs to J~n- Then &(~f(Z)) = $(Z) for all 7 G T(N). Here 
we shall use special values of 7. We see from Lemma 14.31 and ([6]) that for 1 < j, k < g 



1 = $( 7 (Z))/$(Z) = I 



e (^v^ m(r ' s)(iVrfe)(iVrj) ) if7 



Ig NE 

J fl 



And, if 7 



J„ - NE. 



jk 



NE. 



jk 



-NE. 



jk Ig + NEj k 



±-J2H^)(N Sj )(N Sk )^ if 7 



'1 < i) < g), then we derive that 



Ig 



(7) 



1 = $( 7 (Z))/$(Z) by Lemma 

= e (^7 E m ( r ' s )*( JVr )( t ^i* + NE jk *E jk )(Nr) 



r,s r,s ' 

= e^^m(r,s)(iVr J )(iVs fc )') by©. 

^ r,s ' 

Thus the family {m(r, s)} riS satisfies the condition (JS}. 



□ 



5 Family of theta constants 

Let iV be an even positive integer and r,s G (1/N)Z 9 (g > 2). By Theorem 14.41 <&rri(Z) 
belongs to J-jv- In this section we shall show that a subgroup of GSp 29 (Z/iVZ) has a natural 
action on the family {^\n(Z) 2N } riSe ^/ N ) Zg/Zg . 

Lemma 5.1. Let M and £ be divisors of N. If r G (1/M)Z 9 ; then $r r j(Z)^ is determined by 
r (mod Z») and s (mod (M/gcd(Af,^))Z s ). 

PROOF. If a G Z^ and b G (M/gcd(M,f))Z3, then we see by Proposition O that 



^[r+a] (Z) £ = ( e frb)* [s] (Z))* = 



□ 



Let 



Gat 



C D 

{l{(Z/NZ)*),S n ), 



G Sp 23 (Z/iVZ) I {'AC} = = (mod 2)1, 



which are subgroups of GSp 23 (Z/iVZ) [8j §27.6]. One can then readily show that 



Gn 



A B 
C D 



G GSp 2 „(Z/A/Z) I { l AC} = { f BD} = (mod 2) 



} 
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Theorem 5.2. If a G Gn, then we have 

\2N 2 \a 



2N 2 



Let q G 5at with a lifting ckq 



ollows i 
to Sp 2g ( 



Proof. If a G i((Z/./VZ) x ), then the assertion follows from Lemmas 14.11 and 15.11 

~A Bo 
[Co D 

{ t A Q Co},{ t BoD Q } G 2Z9. Thus we derive^that 



Note that since N is even, 



($[r](Z) 2Af2 ) Q0 by Proposition E^iri) 
$rri(Z) 2iv2 o ao by Proposition EHii) 



V" 










r 








s' 




s 



by Proposition 



□ 



= (e^s-Vs')^)^^)) 2 ^ where 

= <S> ta ^^(Z) 2N2 byLemmaEU 

Since Gn = {i-((Z/NZ) x ),Sn), we get the theorem. 

Remark 5.3. (i) This theorem tells us that the group Gn acts on the family 

{^rri(^) 2Ar2 } r ,sG(i/Af)Z9/» in a natural way. 

(ii) For later use we consider the case where r,s G (1/M)Z 9 for an odd positive integer M. 
Then <J^rj(Z) (respectively, <3?jr j (Z) M ) is of level 2M 2 (respectively, 2M) by Theorem l4~4l 
As in the proof of Theorem 15.21 one can show in a similar way that if a G G2M > then 

Now, let a G G 2A /2 with a = z^(a) and set 7 = z.(a)a G S 2 m 2 - Then we achieve that 

$rri(Z) Q = Srr]^)^ 7 

= $rri(Z) 7 by Lemmas ED and [5TT1 

[as J 

= e(('ras-'r's / )/2)$r r / 1 (Z) where 

by Proposition 13.21 and Lemma 15.11 
= e (('ras-Vs')/2)d> iQ[ r ] (Z). 

Theorem 5.4. Let Zq G if 6(0, Zq; 0, 0) is nonzero, then we have 



V 




r 




r 




r 




= *7 




= *7*t(a- 1 ) 








s' 




as 




s 




s 



*[r](Z ) = *[_r B ](-Z ), 
where the bar indicates the usual complex conjugation. 
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Proof. Consider the expansion $m(Z) = Eg c(£)e(tr(£Z)/2iV 2 )/e(0, Z; 0, 0) with c(£) G 
Q(C 2 jv2), where £ runs over all g x 5 positive semi-definite symmetric matrices over half integers 
with integral diagonal entries. Note that O(0, Z; 0, 0) has rational Fourier coefficients. Then we 
obtain that 

*[r](2b) = ^<e)e(tr(^(-Zo))/2^ 2 )/e(0,-Z ;0,0) because = e(-Z) (z G C) 
= E c(6 p( - 1) e(tr(e(-Z ))/2iV 2 )/G(0, -Z ; 0, 0) 

where p(— 1) is the endomorphism of Q(C2A? 2 ) induced from £ 2 at2 h-> £^y 2 = C2N 2 
= C/Z c (.Oe{ti{CZ)/2N 2 )/@(0,Z-0,0)y { - irl (-Zo) by Proposition EHi) 

= r j(— Zq) by Lemma |4.H 

□ 



6 Shimura's reciprocity law 



We shall briefly explain Shimura's reciprocity law which connects the theory of Siegel modular 
functions with class field theory. 

Let g be a positive integer and K be a CM-field with [K : Q] = 2g, that is, a totally 
imaginary quadratic extension of a totally real algebraic number field. Fix a set {(pi, ■ ■ ■ ,^3} 
of g embeddings K — > C such that no two of them are complex conjugate. One can take an 
element £ G K satisfying 

(i) £ is purely imaginary, 

(ii) — £ 2 is totally positive, 

(iii) Im(^*) > for all k = 1,... ,g, 

(iv) Tr K in(£,x) G Z for all x G Ok 



(0 p.43]). Define a map $: if ->■ C 9 by $(x) 



x <Pg 



and let L = {$(x) G C 9 | x G O^} 



which forms a lattice in C 9 . Then we have an M-bilinear map E : C 9 x C 9 



defined by 



a 


Ul 






E ( u > V ) = E ^ ( UklJk ~ M kVk) (u = 




, v = 




k=l 


Ug_ 




, V 9_ 



And E gives a non-degenerate Riemann form on the complex torus C 9 /L satisfying E(<&(x), <3?(y)) 
Tr^/Q^xy) G Z for all x,y G 0^- [HI p. 44]. Hence one can find a positive integer a diagonal 



11 



matrix £ 



G Mat 9 (Z) with £1 = 1 and £ k \ e k+i (k = 1, ... ,5 — 1), and a complex 



g x 2g matrix $1 = uj\ W2J with uji,u>2 G Mat 9 (C) such that 
(i) E^fbc, fiy) = /u'xJy for all x, y G 



(ii) L 





u 








V 



T2l p. 675]. It is well-known that Zq = u 2 uj\ lies in S) g . Let K* be the reflex field of K, namely 



K* 



Q(E 



fc=i 



|x G i^). As a consequence of the main theorem of complex multiplication 



we have the following proposition. 

Proposition 6.1. If f is an element of J~n which is finite at Zq, then the special value 
f(Zo) belongs to the maximal abelian extension of K* . 



Proof. [HJ Theorem 26.6]. 



□ 



For simplicity and later use, we assume that £ = I„. We define, as a representation map, 



a ring homomorphism h : K 
then we define 



Mat 



2;/ 



as follows: Fix £1, £21 • • • 5 £20 £ ^ such that 

,2g 



and let x £ K. If x£j = Efeli r jfc^A: with r jk <E Q (j = 1, . . . , g), 



h(x) 



r jk 



I g , the set 



l<j,k<2g 

Since L = ${O k ) = nZ 2 ° = Z*(6.) + ••• + Z$(£ 2ff ) by the assumption £ 
{£1, . . . ,£,2g} forms a basis of Ok as Z-module. Hence, if x G Or-, then h(x) G Mat2 5 (Z). 

On the other hand, we take a Galois extension K' of Q containing K, and extend (k = 
1, . . . ,g) to an element of G&l(K' /Q). We then define a homomorphism 93* : (K*) x — > K x by 

9 

[p *( x ) = Y[ x ^ 1 (xe(K*) x ). 

k=l 

Proposition 6.2 (Shimura's reciprocity law). Let f be as in Proposition 16.11 Take a positive 
integer M such that N\M and f{Z§) G K^ M y Let x be an element of Ok* which is prime to 
M. Considering h(ip*(x)) as an element of GSp 2g (Z/AfZ) we have 



K (M) /K * 



f(Z ) { ^^> =/M<"*(*))(Zo), 



where — — ; 



is the Artin reciprocity map. 



Proof. Theorem 26.8] or §2.7]. 



□ 



Remark 6.3. Assume further x = 1 (mod N). It is obvious that f*(x) = 1 (mod N), 



which yields h((p*(x)) = l2 g (mod N). Hence we get by Proposition 
//»(¥>*(*)) (2„) = /(Z ). This means that f(Z ) lies in K* y 



f(Zt 



k {m) /k *- 



-) 
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7 Construction of class fields 



Let K = Q(C) with ( = ( 5 , which is a CM-field of degree 2g = [K : Q] = 4. In this section we 
shall examine the subfield of K(2 P ) f° r an odd prime p which is generated by the special value 



of $ 



i/p 
o 






(Z) 2p2 by using Shimura's reciprocity law. 



Fix a set of two embeddings {<pi, ^2}, where fi and f2 are defined by 

= C and C 2 = C 2 - 

If we set £ = (C — C 4 )/5j then one can readily check that £ satisfies the conditions (i)~(iv) in 



the beginning of §3 Let <3? : if — > C 2 be the map given by <E>(x) 
have an R-bilinear map E : C 2 x C 2 — > R defined by 

£7(u, V) = ^(uiUl - + C P2 {u 2 V2 - U2V2) (u = 

which induces a non-degenerate Riemann form on C 2 /L by Set 

6 = C 2 , 6 = C 4 , 6 = C, £4 = C + C 3 , 



,-f2 



and L = $(Ok). We 







Vi 




, V = 




^2 




V2 



and 



9. 



$(6) $(£3) 



c 2 c 4 c c + c 3 
c 4 c 3 c 2 c 2 + c 



One can readily verify that 



= J, from which it follows that S(f2x, Oy) = 

i<i,fc<4 

*xJy for all x, y G R 4 because -E 1 is R-bilinear. Furthermore, since Ok = ^[C] = £1^ + £2^ + 
£ 3 Z + £ 4 Z, we get L = <&(O k ) = (So, \i = 1 and £ = J 2 in g6j) Then we obtain a CM-point 



c c + c 3 
c 2 c 2 + c 



Now we define a ring homomorphism h : K ^ Mat<4(Q) by the relation 



c 2 c 4 
c 4 c 3 









6" 






= h(x) 













(x G if). 



Note that the reflex field if* of K is the same as K. We further define an endomorphism (p* of 
A" x by 

tp* (x) = x^ 1 x^ 1 (x£K x ). 
Assume that p is an odd prime. 
Lemma 7.1. lei r,s G (l/p)Z 2 . 
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(i) 6(0, Zq; 0,0) is nonzero. 

(ii) 2<3?|-rj (Zo) is an algebraic integer. 

(iii) $[r](Z ) e ^(2 P 2) and <5>^(Z ) P G Er (2p) . 



(iv) //r = 


ri 


and s = ± 


n - r 2 


for r±,r 2 £ (l/p)Z, then e( 




^2 




-n 





Proof, (i) [U p.784]. 

(ii) Proposition 2]. 

(iii) This is immediate from Remarks I5.3f ii) and [ST 

(iv) We observe that 



n 



c 3 c c 4 c 4 + c 2 
c c 2 c 3 c 3 + c 4 



fia where a 



1 
11 
-110 
10 



(8) 



Let Q 



and a 



A B 
C D 



with 2x2 matrices uj\,uj2,A,B,C,D. Then we derive that 



- f Z 



o 



since Z 



o 



*Z n 



(U^! + 'CutWB'ui + t D t U2Y l by © 
+ t C t uj 2 ) t uJ 2 lt io 2 { t B t io l + t D t io 2 )- 1 
ft AW^2 l + *C7)(*S WwJ 1 + *,D)" 1 
(UZ + t C){ t B t Z + *_D) _1 because Z = % 

1-1 

t B l D 



/3(Zq) where (3 





1 

1 1 








(9) 
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One can readily check that f3 G Sp 4 (Z). Hence we achieve that 



e(-*rs/2)$jr](Z ) = e(*rs/2)$r _ri (-Z ) by Theorem [5 
= e(*rs/2)«f[_r s ](/3(^o)) by® 



e(*rs/2)e(( i r(-s) - VsO^^r ri (Z ) where 
by Remark 15. 3( ii) 

e((-rf + 2rir 2 )/2)$ 



V 




r 


s' 




— s 



n i(Z ) ifs 

T2 



r\—T2 

-n 



r 1 - r 2 

-n 



e (( r 2 _ 2rir 2 )/2)$ 



— n 
—fa 
ri— r2 
— n 



(Z 



ifs 



-ri + r 2 

n 



= e(-*rs/2)*[r](Z ) by©, 
which ensures that e(— *rs/2)$jr 1 (Zo) is real. 
Now, we shall examine the field K(z 2p2 ) with 

o 



. . 

Note that z G i^( 2 p 2 ) and z p G ^( 2p ) by Lemma 17, If iii). Let 

xi = 1 + 2p(, x 2 = l + 2p(( 2 - C 3 + C 4 )- 

Then we get 



/ l (^(x 2 ))^/i(l + 2p(C + 2C 2 -C 3 )) 



1 - 2p -2p -2p 

1 - 2p -2p 
2p 2p 1 
2p 4p 2p 1 

1 + 2p 6p —2p Ap 
-Ap l-2p Ap -2p 

2p -2p I - Ap Ap 

—2p —Ap —Qp 1 



(mod 2p 2 ), 



□ 



(10) 



(mod 2p 2 ),(ll) 



and 



i/(%>*(a;i))) = v(h(<p*(x 2 ))) = l-2p (mod 2p 2 ). 
Here we observe that h(ip*(xk)) (k = 1,2) belongs to G 2p 2. 
Lemma 7.2. Lei a, b,c,d G Z. 



(12) 
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(i) We have the formula 



a/p1 (Zo) ( ^^ } (A; = 1,2) 
b/p 

c/p 
dip. 

e((-a 2 + lad - b 2 - c 2 - 2cd - 2d 2 )/p)<S> ra/p , (Z ) if k = 1, 

b/ P 

c/p 

.d/pl 

e((-a 2 + 4a6 - 4ac - 6 2 + 46c - c 2 + 2cd + 2d 2 )/p)$ ra/pl (Z ) if k = 2. 

c/p 

d/p 



(ii) C 



2p 2 



A l-2p 
->2p 2 



1,2). 



(Zq) are nonzero. If® 



then -2ab + 2ac + ad - 26c - 2cd - 2d 2 = (mod p). 
PROOF, (i) We derive that 



(iii) Assume that <3? 


i/p 


(Z ) and® 


-a/p- 







. _ 




b/p 






c/p 








I d/pl 



1/p 



. _ 


(Z ) 2p2 


= $ 


-a/p- 






b/p 
c/p 
id/ pi 



a/p 
b/p 
c/p 
d/p. 

a/p' 
b/p 
c/p 
d/p. 



(Z ) ( C-*) } (k = 1,2) 



(^)ft(v*(^))(^ ) by Proposition 



e((*r(l - 2p)s - Vs')/2)$r r n (Z ) where r 



a/p 


, s = 


c/p 


and 


V" 


b/p_ 




d/p_ 




b' 



'Mv*0«*)) 



by Remark E^ii) and PJ) 

' e((a 2 + 6 2 - c 2 - 2cd - 2d 2 )/p)§ 



e((a 2 - 4a6 + 6 2 - c 2 + 2cd + 2d 2 )/p)<S> 



"a/p" 




b/p 
c/p 


+ 


I d/p. 





-2a+2c+2d 
-2a-2b+2c+4d 
-2a+2d 
-2b 



(Zo) 



-a/p- 




b/p 




c/p 


+ 


I d/p. 





2a-4b+2c-2d 
6a-2b-2c-4d 
-2a+4b-4c-6d 
4a-2b+4c 



if k = 1, 



(Z ) if A; = 2, 



by (HO]), PJ and Lemma O 
' e((-a 2 + 2ad - 6 2 - c 2 - 2cd - 2d 2 )/p)§ ra/p , (Z 0) 



c/p 

d/p 



ifk = h 



e((-a 2 + 4a6 - 4ac - 6 2 + 46c - c 2 + 2cd + 2d 2 )/p)<$> ro/p , (Z ) if Jfe = 2, 

b/p 



c/p 

d/p. 



by Proposition 13.11 
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(ii) For k = 1,2 we see that 



^2p 2 



( x k) 



C^f {Xk)) by Proposition E 
c »(h( v *(x k ))) b y Proposition O 



(iii) If $ 



i/p 
o 






i/p 




. 



(Zo) 



a/p- 
b/p 
c/p 
d/p. 



{ K ^) IK - 
1 (*i) • 



= cl;? p by dm). 

(Z ) 2 p , then we deduce that 



i/p 
o 
o 





( A (2 P 2) /A \ 
(z y 



1 by(i) 

(£$ra/p 

b/p 

c/p 

.d/p 



(Z )) 1 (-i) 7(C$ r a/ Pl (^o)) ( " 2) for some 2p 2 th root of unity £ 



c/p 

d/p. 



e^ 2P( fra/p 

6/p 
c/p 
-d/p. 



(z y (-i) ve 1_2p $ 



(Z ) ( ^^ ) by(ii) 



a/p J 
6/p 
c/p 
d/p. 



= e((-4ab + Aac + 2ad-4bc-Acd-Ad 2 )/p) by (i). 
This proves (iii). 
Now we let 



□ 



T = {aeG a \(K (2p) /K) | (z°) 



<t U (:C1 ) > 



(Z a ') { <-2) 



-) 



for some extension a' of a to -ftT( 2 p 2 )}- 



Since Ki 2p 2\/K is an abelian extension, T is obviously a subgroup of G&l(Kr 2p )/K). Furthermore, 



/ (2p2)/ 

if a G T, then (z CT ) l J 



(z°" ) v (^2) for all extensions a' of a to K( 2 p 2 )- Indeed, let a 



be an element of T with some extension a' satisfying (z a ) ^i' = (z a ) to) ; . Now that 
z p E ^(2p)i if °"" is another extension of a to Kr 2p 2\, then (z p )°"" = (z p )°"'. So we get z""" = 



K (2P 2 ) /K . 



K (2P 2 ) /K . 



for some pth root of unity £. And, since C to) ' = C {X2) = £ p (k = 1,2) by Lemma 
I7.2l fii). we obtain that 



• A '(2P 2 ) /K 



• A '(2P 2 ) /X . 



( Z a y to) ' = (£z a y to) ' = (£,z a y to) ' = (z a y too ; 



Let F be the subfield of K^ 2p ^ fixed by T. Then by the Galois theory we see the isomorphism 
Gal(K (2p) /F) ~ T. 

Theorem 7.3. K(z 2p2 ) contains F. 
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Proof. By the Galois theory the assertion is equivalent to saying that Gal(K (2p) /K(z 2 P )) 
is a subgroup of T. Let a G G&l(K {2p) /K(z 2 P )), that is, a is an element of G&l(K( 2p -)/K) which 
fixes z 2p2 . If a' is an extension of a to K^ 2p 2^, then we have z u> = £2: for some 2p 2 th root of 

unity. Since both ( — ) and ( 7j|t ) sen d C- 2 to £ 1_2p Cp~ l2; by Lemma [7T2V i) and (ii), a 
belongs to T. This proves the theorem. □ 



Theorem 7.4. Let x = ao + «iC + «2C 2 + a sC 3 + a 4<C 4 / or integers ao, cti, a2> 03, 04 such that 
N^q(i) is prime to 2p and h((p*(x)) G G 2p 2. Assume that z is nonzero. If (—^y—) fixes z 2p2 , 
then we have —2ab + 2ac + ad — 2bc — 2cd — 2d 2 = (mod p), where 



a 
b 

c 
d 



a — oqOi — ao a 3 + 01^2 + a i a 3 ~~ 0104 — a 2 + 0204, 
— a ai + a a 2 — a a 3 + a a 4 + a\a 2 — a 2 + a 2 — a 3 a 4 , 
— a ai — a a 2 + ao«3 + a o a 4 + of — aia 3 + a 2 a 4 — a\, 
a a 2 — 0003 + aia 3 — 0104 — a 2 + a 2 a 3 — a 3 a 4 + a\. 



abed 



namely 



Proof. One can readily verify that the first row of h(ip*(x)) is 

x^x^ii = (a +aiC+a 2 C 2 +a 3 C 3 +a4C 4 )(ao+aiC 3 +a2C+a3C 4 +a4C 2 )C 2 = a£i+b&+c&+d&. 
And we have 



1/p 



. 



(£)2p by Proposition 

(Z) 2p2 (Z ) by Remark EHii) 



1/p 






o/p 
6/p 
c/p 
d/p. 



(^o) 2p2 



We then conclude the theorem by Lemma |7.2( in). 



□ 



Remark 7.5. Let x be of the form 1 + 2y for some y G 0_r: such that N^q(s) is prime to 
2p. Since 

= h((l + 2y)(l + 2y)^) = h(l) = h g (mod 2), 
h((p*(x)) belongs to G 2p 2 automatically. 

Example 7.6. We follow the notations and assumption in Theorem l7.41 Let x = H-2(£+C 2 ), 
then Nk/q(x) = 5. So we assume p ^ 5. Since a = —1, 6 = 0, c = 0, d = —2, we get 

(Ml 

(x) 



2ab + 2ac + ad - 2bc - 2cd - 2d 2 = -6 (mod p). Therefore, if p ^ 3, then ( £gel^ ) does not 



fix z 2p by Theorem 17.41 
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8 Remarks on primitive generators 



In this section we shall introduce two useful methods of combining two generators of an abelian 
extension to get a primitive one. We begin with an example. 

Example 8.1. Following the same notations as in £j7]we consider the field K(z p ,&5). Note 
that {2z) p is an algebraic integer which lies in Km p ) by Lemma [7.1f ii) and (iii). The prime ideal 
(1 — C§)Ok of K, which lies above the prime ideal 5Z of Q, is totally ramified in the extension 
K(( 2 5)/K with ramification index [Kfas) : K] = [(XC25) : Q]/[Q(Cs) : Q] = 5. On the other 
hand, all prime ideals of K which are ramified in K^ p )/K must divide the ideal 2pOx- So we 
have [K(z p , C25) : K{z p )\ = 5. Furthermore, a conjugate of C25 over K(z p ) is of the form Q\+ bk 
(k = 0,1,2,3,4). And we get 

4 4 

T^K( Z p, C25) /K(zP)((25) = ^2(25 5k = C25 ^ C5 = °> 

fc=0 k=0 
4 4 

Nx( 2 ,, C2 5)/^)(3C25 + l) = n^^ + l) = (-3C 25 ) 5 II(-C5 +(-3C 25 )- 1 ) = 243C5 + 1. 

fc=0 k=0 

We then obtain primitive generators of -^(2:^,^25) over K by Theorems 18.21 and 18.41 as follows: 

K(z p , C25) = K(z p + C25) = K((3(2z) p + 1)(3C 25 + 1)^(243(5 + 1)). 

Theorem 8.2. Let L be an abelian extension of a number field K. Suppose that L = K(x,y) 
for some x,y G L. Let I = [L : K(x)], and a and b be any nonzero elements of K. Then we 
have 

L = K(ax + b(£y - Tv L/K{x) (y))). 
Proof. If we set e = ax + b{ly — ^l/k(x){v))i then we achieve 

Tr L/x(^)( £ ) = Tl L/K(x)(ax) +Tv L/K{x) (My) + Ti L/K{x) (-bTT L/K{x) (y)) 
= axTi L/K{x) (l) + blTT L/K{x) {y) - bTi L / K{x) {y)Ti L/K{x) {l) 
= axl. (13) 

Observe that since L/K is an abelian extension, any intermediate field of L/K is an abelian 
extension of K by Galois theory. This fact implies that K(e) contains e a for any a G G&1(L/K); 
whence T^L/K(x)( e ) belongs to K(e). Therefore we deduce that 

K(s) = K(e)(Tv L/K(x) (e)) = K(Tr L/K{x) (e))(e) 
= K(ax£)(e) = K(x)(e) by (USD 

= K{x){e-ax + bTT L/K{x) {y)) = K(x)(b£y) = K(x)(y) = L. 
This completes the proof. □ 
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Lemma 8.3. Let K be a number field and x be an algebraic integer. Suppose that K{x)/K 
is a Galois extension. If a and b are nonzero integers such that 2 < \a/b\, then we have 

K{x) = K{{ax + b) n ) for a nonzero integer n. 

Proof. We first note that ax + b is nonzero. Otherwise, x = — b/a is a nonzero rational 
number less than 1/2, which contradicts the fact that x is an algebraic integer. Suppose on the 
contrary K{x) 2 K{{ax + b) n ). Then there exists a nontrivial element a of G&l{K {x) / K {{ax + 
b) n )). That is, {{ax + b) n ) a = {ax + b) n but x a / x, from which we see that ax a + b = £(ax + b) 
for some |n|th root of unity £ (7^ 1). Thus we have 

a(x CT - £x) = &(£-l) #0). (14) 

Let £ = [K{x) : Q]. Since rE CT — £x is a nonzero algebraic integer, we derive that 

\^K(x)/Q>{a{x a - far)) I = |o| £ |N A -( a .) /Q (x ' - £r)| > |a| £ . 

On the other hand, since any conjugate of £ — 1 over Q is of the form £ — 1 for some integer £ 
and |£* — 1| < 2, we claim that 

|N^ )/Q (6(£ - 1))| = \bf\N K{x)m ^ - 1)| < HV. 

Hence we get from (114p |a| < |6| 2 , which contradicts the assumption 2 < |a/6|. Therefore we 
conclude the lemma. □ 

Theorem 8.4. Let L be an abelian extension of a number field K. Suppose L = K{x,y) for 
some algebraic integers x and y. Let I = [L : K{x)\ and a, b, c, d be nonzero integers such that 
2 < \a/b\ and 2 < \c/d\. Then we have 

L = K{{ax + b) n {cy + d)^ m£ N L / K ^{{cy + d) m )) for nonzero integers n and m. 

Proof. If we let e = {ax + b) n {cy + d)- me N L/K{x) {{cy + d) m ), then we get that 

^L/K{x){e) = N L/K(x) {{ax + b) n )^ L/K{x) {{cy + d)- me )N L/K(x) {N L/K(x) {{cy + d) m )) 
= K L/K{x) {{cy + d)- mt ){K L/K{x) {{cy + d) m )f 

= {ax + b) n£ . (15) 

Now that L/K is an abelian extension, K{e) contains ^l/k(x){ £ )- Thus we obtain that 

K{e) = K{e){N L/K(x) {e)) = K{N L/K(x) {e)){e) 

= K{{ax + b) nt ){e) by (USD 

= K{x){e) by Lemma 18.31 

= K{x){e/{ax + b) n K L/K{x) {{cy + d) m ) 

= K{x){{cy + d)- m£ )) 

= K{x){y) = L by Lemma [8731 

This proves the theorem. □ 



20 



References 



[1] E. de Shalit and E. Z. Goren, On special values of theta functions of genus two, Ann. Inst. 
Fourier (Grenoble) 47 (1997), no. 3, 775-799. 

[2] J. -I. Igusa, On the graded ring of theta- constants (II), Amer. J. Math., 88 (1966), no. 1, 
221-236. 

[3] H. Y. Jung, J. K. Koo and D. H. Shin, Ray class invariants over imaginary quadratic fields, 
Tohoku Math. J., 63 (2011), no. 3, 413-426. 

[4] H. Klingen, Introductory Lectures on Siegel Modular Forms, Cambridge Studies in Advanced 
Mathematics, 20, Cambridge University Press, Cambridge, 1990. 

[5] K. Komatsu, Construction of a normal basis by special values of Siegel modular functions, 
Proc. Amer. Math. Soc. 128 (2000), no. 2, 315-323. 

[6] D. Kubert and S. Lang, Modular Units, Grundlehren der mathematischen Wissenschaften 
244, Spinger-Verlag, 1981. 

[7] S. Lang, Elliptic Functions, 2nd edition, Grad. Texts in Math. 112, Spinger-Verlag, New 
York, 1987. 

[8] G. Shimura, Abelian Varieties with Complex Multiplication and Modular Functions, Prince- 
ton Mathematical Series, 46., Princeton University Press, Princeton, N. J., 1998. 

[9] G. Shimura, On canonical models of arithmetic quotients of bounded symmetric domains, 
Ann. of Math., 91 (1970), 144-222. 

[10] G. Shimura, Introduction to the Arithmetic Theory of Automorphic Functions, Iwanami 
Shoten and Princeton University Press, Princeton, N. J., 1971. 

[11] G. Shimura, On certain reciprocity-laws for theta functions and modular forms, Acta Math., 
141 (1978), no. 1-2, 35-71. 

[12] G. Shimura, Theta functions with complex multiplication, Duke Math. J., 43 (1976), no. 4, 
673-696. 



Department of Mathematical Sciences 
KAIST 

Daejeon 305-701 
Republic of Korea 

E-mail address: jkkoo@math.kaist.ac.kr 



Department of Mathematics 
Hankuk University of Foreign Studies 
Yongin-si, Gyeonggi-do 449-791 
Republic of Korea 

E-mail address: dhshin@hufs.ac.kr 



21 



